HARRY NYMAN AND B. G. HYDE 17

References

AGEEV, N. A. & SEKHTMAN, V. §. (1962). Dokl. Akad.
Nauk SSSR, 143, 1091-1093.

AviLov, A. S., IMAMov, R. M. & MURADIAN, R. A. (1971).
Kristallografiva, 15, 7116-719.

BAUER, E., NowoTNY, N. & STEMPFL, A. (1953). Monatsh.
Chem. 84, 692-700.

BukIN, V. I. & MARrAkov, E. S. (1967). Geokhimiya, pp.
31-40.

EDENHARTER, A., KoTto, K. & NowAcki, W. (1971). Neues
Jahrb. Mineral. Monatsh. pp. 337-341.

GLADYSEVSKW, E. ., KRIPJAKEVIC, P. I. & Kuz’mA, Yu. B.
(1962). Zh. Strukt. Khim. 3, 414-423.

KASPER, J. S. (1954). Acta Metall. 2,456—461.

KRIPJAKEVIC, P. 1. & EVDOKIMENKO, V. L. (1962). Dokl
Akad. Nauk SSSR, 143, 1610-1612.

KRIPJAKEVIC, P. 1., TYLKINA, M. A. & Savicky, E. M.
(1960). Izv. Vyssh. Uchebn. Zaved. Chern. Metall. 1,
12-15.

LoNs, J. & ScHuLz, H. (1967). Acta Cryst. 23, 434—436.

MACHATSCHKI, F. (1934). Cent. Mineral. Geol. 1934A, 136.

MoRRAL, F. R. & WESTGREN, A. (1934). Sven. Kem.
Tidskr. 46, 153.

NyYMAN, H. & ANDERSSON, S. (1979). Acta Cryst. A3S,
934-937.

Acta Cryst. (1981). A37,17-21

NymaN, H., ANDERSSON, S., HYDE, B. G. & O’KEEFFE, M.
(1978). J. Solid State Chem. 26, 123-131.

OBERTEUFFER, J. A. & IBERS, J. A. (1970). Acta Cryst. B26,
1499-1504.

O’KEEFFE, M. & HYDE, B. G. (1976). Acta Cryst. B32,
2923-2936.

PAULING, L. (1930). Z. Kristallogr. 74, 213-225.

PAULING, L. & NEUMANN, E. W. (1934). Z. Kristallogr. 88,
54-62.

PopscHuUS, E., HOFMANN, U. & LESCHEWsKI, K. (1936). Z.
Anorg. Allg. Chem. 228, 305-333.

POVARENNYKH, A. S. (1972). In Crystal Chemical Classi-
fication of Minerals, Vol. 1, pp. 124 and 350. New York,
London: Plenum Press.

STEADMAN, R. & NuTTALL, P. M. (1964). Acta Cryst. 11,
62-63.

STOKHUYZEN, R., CHIEH, C. & PEARSON, W. B. (1977).
Can.J. Chem. 55, 1120-1122.

Strukturbericht (1936). Vol. 4, edited by C. GOTTFRIED, p.
209. Leipzig: Akademische Verlagsgesellschaft.

TakeTtosH1, K. (1971). Jpn. J. Appl. Phys. 10, 1311-1328.

TRzEBIATOWSKI, W. & NIEMIEC, J. (1955). Rocz. Chem.
29, 277-283.

WUENSCH, B. J. (1964). Z. Kristallogr. 119, 437-453.

Colour Lattices and Spin Translation Groups. General Case*

By M. Kucastit

Laboratory of Theoretical Physics, Joint Institute for Nuclear Research, Dubna, Head Post Office, PO Box 79,
Moscow, USSR

(Received 20 October 1978; accepted 3 June 1980)

Abstract

A method of deriving d-dimensional crystallographic
colour lattices with no symmetry conditions on the
basis vectors is given. A number of nonequivalent
n-colour lattices is evaluated for d < 4 and any finite n.
An application of colour lattices for obtaining spin
translation groups is presented. The results for triclinic
spin translation groups are compared with those of
Litvin [Acta Cryst. (1973), A29, 651-660].

* Presented in part at the 11th International Congress of
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+ On leave of absence from Institute of Nuclear Physics and
Techniques, University of Mining and Metallurgy, 30-059, Kracow,
Poland. All correspondence should be sent to Professor A. Oles
at this address.
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1. Introduction

Colour groups in crystallography are defined as
extensions of classical crystallographic groups. The
idea started in the works of Below & Tarkhova (1956),
Indenbom (1959), Niggli (1959) and others (see also
Shubnikov & Koptsik, 1974). Colour groups are of
interest in the theory of magnetic crystals, alloys, defect
crystals, etc. Magnetic groups have been interpreted in
terms of two-colour groups. The generalized magnetic
groups called spin groups have been recently intro-
duced in the form of many-coloured groups.

Different types of colour groups, their properties and
bibliography have been reviewed by Shubnikov &
Koptsik (1974) and Opechowski (1977). Only P-type
colour groups will be considered here. Colour point
groups have been derived by Koptsik & Kotsev
(1974a) and Harker (1976). Zamorzaev (1969),
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18 COLOUR LATTICES AND SPIN TRANSLATION GROUPS

Zamorzaev, Galarskii & Palistrant (1978) and
Shubnikov & Koptsik (1974) have listed 2-, 3-, 4- and
6-colour three-dimensional lattices. Only very limited
classes of colour space groups are known (Zamorzaev,
1969; Koptsik & Kuzhukeev, 1972). Harker (1978a)
has recently proposed a method of deriving colour
lattices with symmetry conditions on the basis vectors.
He has also listed triclinic colour lattices for n < 16.

In this paper an algebraic method of deriving the
colour d-dimensional lattices in a general case is
presented, i.e. no symmetry conditions are imposed on
the basis vectors of a lattice. The exact formulas for a
number of non-equivalent n-colour lattices are given for
d < 4 and any finite n. The results are used for deriving
spin translation groups in the triclinic system. Pre-
liminary definitions and basic properties of colour
groups are briefly presented in §2. In §3, after
formulation of four group-theoretical lemmas, we
develop a method of obtaining n-colour lattices; the
main result is given here. The spin translation groups
(STG’s) are derived and tabulated in § 4. The examples
in Table 1 show the distribution of STG’s over their
isomorphic colour images of lowest n. In Table 2 the
symbols of nonequivalent classes of triclinic STG’s are

Table 1. Examples of colour lattices (CL) and spin
translation groups (STG) isomorphic to them

n CL STG
1 {111} (111)

2 {211} 1), 211, (1'11)

3 {311} 311)

4 {411} (411), (4'11)

{221} (Q1'1),(2,2,1), (2,2,1)

5 {511} (511)

6 {611} (611),(6'11), (3'11)

7 {711} (711)

8 {811} (811), (8'11)
{421} @rn
{222} (2,2,1)

36 {36,1,1} (36,1,1), (36',1,1)
{18,2,1} (18,1',1)
{12,3,1} -

{661} -

Table 2. Spin translation groups of the triclinic system

(N11) (ZN1'y* (Z,Z,N)
(N'11) (Z1Z,N)
(NI'1)* (ZN1) (Z,Z)N)

(Z'N1)
(2,2,1) (ZN']) (Z,Z,N'")
(22,1 (Z'N'D) (Z\Z,N")
2,2,1) (Z,Z\N")

(Z,Z,Z,)

(2,2,Z))

(2,232,)

(2,2,25)

* Neven.

given. A specific discussion on the change of basis
vectors of a colour lattice is given in the Appendix.*

2. Colour groups

For a given group G and a discrete set of points R =
{r,,r,,...} consider an orbit Q in R relative to G:

Q=Gr,={r,Ir,=g;r,, 8 €G}.

Let f(r) be an arbitrary function defined on Gr,. Any
value f; of function f(r) is called a colour. An ordered
pair [ f(r;),r;] is a colour point. Let F = { f;} be a set of
all n distinct values of a function f(r) and P = {p,} a
transitive group on F. In particular, P can be thought of
as any subgroup of the group S, of all permutations of
colour f.

We consider ordered pairs ( p,,g;), where p, € P and
g; € G, and define their action on colour points [ Jor;l.
We assume that elements of P act independently
relative to elements of G:

(P8I Sfor) = p 1 811 = [ for);
S LEF ,reQ

Any subgroup of group G = P ® G, where ® denotes
direct product of groups, is a colour group (P-type
colour group) (van der Waerden & Burckhardt, 1961;
Zamorzaev, 1967). We are interested in those sub-
groups G® of P ® G which are isomorphic to G:

G~GPcP®G.

The subgroups G® are nontrivial colour groups. The
set of classical elements (e,g,); e € P, g, € G forms a
subgroup H® of a colour group. The symmetry group
of a system of colour points K is the colour group
leaving K invariant. A system of colour points with the
nontrivial colour group as the symmetry group has
select ‘colour properties’. In particular: (i) a function
f(r) is single-valued, i.e. only one colour f; is paired
with each point r;; (ii) the number of colour points
[ f;»r;] for each colour f, of F is the same; they are equal
to the order of the classical subgroup H® of G,

Only nontrivial colour groups G are discussed in
the following sections.

The method of deriving all subgroups G® of P ® G is
based on the ‘isomorphism theorem’ of Zamorzaev
(1967).

A set of all elements p, of P in a nontrivial group G®
constitutes a group P isomorphic to a factor group G/H.
The elements p; of P are paired with elements g, of G by
the homomorphism

G->G/H~P.

* Deposited with the British Library Lending Division as
Supplementary Publication No. SUP 35439 (4 pp.). Copies may be
obtained through The Executive Secretary, International Union of
Crystallography, 5 Abbey Square, Chester CH1 2HU, England.
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Two colour groups G® and G™ are equivalent if they
are conjugate subgroups of a group 2 = {a,}:

6P =0a,6Pa;!, a,€Q (1)
and
H(l)zai H(l)ai—l (2)

where H( is the maximal subgroup of G® and G®. In
the following, only crystallographic groups are taken as
groups G and the equivalence of colour groups is
determined by a group

N=PRAt 3)

where P is either an abstract or a concrete group of
transformations; A+ is the proper subgroup of the affine
group A.

3. Colour lattices

Let G be a d-dimensional crystallographic lattice
denoted by T:

d
T={t;t=3 ma,n integers}
=1

where a,, a,, ..., a, are d linearly independent vectors in
d-dimensional Euclidean space. Vectors a,, a,, ..., a4
form a basis of T. We assume that no symmetry
conditions are imposed on the basis vectors, i.e. any set
of d linearly independent vectors of T stands for the
basis of T. The colour lattice T® isomorphic to T is the
general colour lattice. The lattice T is an Abelian group
and can be expressed as a direct product of d
one-dimensional lattices:

T=T,9T,®...®T,

where all T, (i = 1,2,...,d) are infinite cyclic groups.
We now formulate four group-theoretical lemmas
which are standard statements in the theory of Abelian
groups (Fuchs, 1971).

Lemma 1. Let a lattice T* be a d-dimensional
subgroup of T. Then there exist bases a,,a,, ..., a; of
the group T and b,,b,,...,b; of the group T*,
respectively, such that

b1= m, a, (4)

where all m, are integers.
Lemma 2. If

GrA®A,®...QA,

and A} is an invariant subgroup of A, i =1, 2, ..., [,
then for some subgroup H of G,

HrATRAT®...Q@AT
and
G/H~(A/AH ® A,/AD ® ... ® (A/AT).

Lemma 3. Every finite Abelian group G is a direct
product of groups

G=G,®G,®...0G, &)

where each G, is cyclic of prime power order p}, 4, > 0.
The orders p? are invariants and the groups are prime
components of the decomposition (5).
Two finite Abelian groups are isomorphic if and only
if they have the same set of elementary divisors.
Lemma 4. A direct product

H®H,®...QH, (6)

of cyclic groups, whose orders are powers of distinct
primes, is cyclic.

A method of constructing general colour lattices T
for a given lattice T is based on the following theorem:

®)

Theorem 1.
TO=TPRTH®...@ TF (7
where
TP ~T,((=1,2,...,d)
and

P=P,®P,®...®P, 8)

where each P, is a cyclic group of order m;, [[{_,m,=n.
The lattice T (i = 1, 2, ..., d) is the group formed by
all powers of (p,, a;) where p; is a generating element of
P, a,is a basis vector of T;.

This result follows immediately from the
isomorphism theorem, lemma 1 and lemma 2. Since T is
Abelian, any subgroup T* of T is normal. The factor
group T/T* must exist and is also Abelian. Thus the
group P of T® is an Abelian group. In the one-
dimensional case, group T,/T¥ is a cyclic group of order
m,, asis the group P,.

Thus, to derive all colour lattices T® for a given
lattice T and number n, it is only necessary to find all
nonisomorphic Abelian groups P of order n expressed
as all possible decompositions (8). We use now lemma
3. In the decomposition (5) of the group G, let the cyclic
groups be related to the distinct primes p;, p,, ..., Dy
Let the number of prime components related to a prime
p; i = 1,2, ..., k) be equal to g; and the prime
components of order

p}l’p;bs'-'a p;tql (9)
where the numbers A are arranged as follows:

Mz 2 24,

(10)
h=r; J=1L2,..,q5 i=12..,k
]

In this way, one obtains from lemma 3 all noniso-

morphic Abelian groups of given order n = p{p%...pJ
by considering all partitions (10) of numbers r; (i = 1,



20 COLOUR LATTICES AND SPIN TRANSLATION GROUPS

2, ..., k) with arbitrary numbers g,. Here we are
interested in the decomposition of an Abelian group of
order n into d cyclic components with admitted trivial
components, i.e. cyclic groups of order 1. It is clear
from lemma 3, lemma 4 and (10) that such
decompositions can be found, if the numbers g, are less
than d.

A partition of r as a sum of a maximum of d positive
integers is called a d-ary partition. The number of d-ary
partitions of r will be denoted by y(r). All possible
decompositions (8) can then be expressed by all d-ary
partitions of numbers r;. The numbers y(r) can be
calculated as a coefficient of x" in the formal power-
series expansion of

d [es)
O(x)=TJ] (1 —x/)y'= 3 prxr
Jj=1 r=0
where @(x) is the Euler generating function (Hall,
1969). Thus, we have the following final result:
Theorem 2. The number of n-colour d-dimensional
lattices for

n=phpe.. p} (1

where all numbers p, are distinct primes, is equal to

y(r) y(ry) ... p(ry) (12)

where y(r,) is expressed as:

E{ga(r; + T*(r;+ 1) + }} for d = 4 and r, odd;
E{fl(r, + 5)* = 3(r;,— D)} for d = 4 and r; even;
E{#(r;+ 32 + §i ford =3;
E{(r/2) + 1iford=2; 1ford=1. (13)

Here E{x } denotes the integer partof x;i=1,2, ..., L

A colour lattice T® will be represented by the basis
vectors a,, a,, ..., a,, each vector being paired with an
appropriate generating element p,of P, (i=1, 2, ..., d).
The symbols {a{?", a{", ..., a'f¢} or simply {m, m,, ...,
m,} where m; is the order of P, are used for denoting the
T®. The number m; is an order of the vector a; since
[a{?’|m = b{V where b, = m; a, is a classical vector of
T®,

The method of constructing all colour d-dimensional
lattices for a given number of colours # is as follows.

We start with the decomposition (11) of » and find
all d-ary partitions of numbers r,, i = 1, 2, ..., I. Every
set of the numbers

o J=12,...0

l<j<d (14)

determines the decomposition of the group P into cyclic
components. For every set of order (14) the relatively
prime components are multiplied according to lemma 4.
It can be shown that the orders thus obtained m; of
cyclic groups P, have the property that m,, | divides m,,
1 <i<s— 1. We may use this property to establish the
associated cyclic groups with the basis vectors a,, a,,

..., a, where s < d. If s < d, then with vectors a;_,,

a;,,, ..., a, there are associated cyclic groups of order

For example, we see that there are two non-
equivalent 4-coloured triclinic lattices {a{®,a{",a{"}
and {a{®,a(?,a{®} but only one 6-coloured triclinic
lattice {al®,aV,a{l’}. Further examples of colour
lattices of lowest n and d = 3 are given in Table 1.

It is pointed out that the numbers m; in (4) of lemma
1 need not be finite. It follows that the groups P; are
infinite cyclic groups. In general, the invariants of an
Abelian group are prime powers and co. We use this
fact in the next section.

4. Spin translation groups

Spin groups are examples of colour groups of
physical importance. In this interpretation, the function
f(r) denotes a spin density function S(r) describing the
distribution of magnetic moments in a magnetically
ordered crystal. The function S(r) is an axial vector
function defined on the set Gr, which forms a crystal.
The symmetry group G® of such a system is a sub-
group of group

G’=P®G (15)

where P =0 ® 1’ is the group of all rotations and axial
inversion in ‘spin space’ and G is the crystallographic
group acting on the vectors in ‘physical space’. The
group GS3 is called a spin group (Naish, 1963; for a
review see Litvin & Opechowski, 1974). We are
interested in spin groups isomorphic to G.

The problem of deriving spin groups is simplified if
the appropriate abstract colour group is known. For a
given colour group G® one needs only its isomorphic
spin images G {89, G{8, . .. where S,, S, are subgroups
of O ® 1).

The nonequivalent groups among G{*, G, ... are
found by using (1)-(3) where P = O ® 1'. As an
illustration, we derive the STG’s with no symmetry
conditions on the basis vectors. STG’s were first
tabulated by Litvin (1973). Assume G to be a lattice T
generated by basis vectors a;, i = 1, 2, ..., d. We find
the Abelian subgroups of O ® 1’ which are point
groups of three categories:

(1) 1,2,3,4,...,00;
) 12,213 14,41,...0®1';

(3) 222,222,222 @ I". (16)

Thus, a STG is generated by vectors a,; and proper and
improper rotations R; = R(a;), i = 1, 2, ..., d. For a
given colour lattice T®" we then find all spin lattices T{5",
T, ... and divide them into equivalent classes. The
method is illustrated by a few examples (Table 1). In
Table 2, representative STG’s of nonequivalent classes
of STG’s of the triclinic system are given. A STG is
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denoted by (R,,R,.R;). The symbol N denotes a
rotation R, through an angle 27g/N, where N and g are
relatively prime integers and g < N. The rotations
2nq/N are generators of a cyclic group of order N. A
rotation R; through the angle 27/Z. where Z is an
irrational number, is denoted by Z. The rotation Z is a
generator of a cyclic group of infinite order. Symbols
N' and Z’ are used for denoting generators of groups of
the second category (16) in the case of both even and
odd N. In the symbol (R,,R,,R;) all R; denote
rotations about a single arbitrarily oriented axis, despite
rotations belonging to groups of the third category (16).
For these groups, subscripts have been added in Table
2 to indicate the mutual orientations of the two-fold
axes.

The results presented in Table 2 differ from Litvin’s
(1973) results given in Table 1 of his work as the
equivalent classes of STG’s are omitted here. For
example, the STG denoted by (N,,N,, N;), where
corresponding N’s are relatively prime, can be found in
the class of STG’s denoted by (N,1,1) where N =
N, N, N;. Similarly for the groups (N,.N,,2) and
(N,2,1) where N\, N,, N are odd integers. The discussion
of the problem based on very simple number-theoretic
considerations is given in the Appendix.*

In conclusion, we make two remarks. (i) We can see
from the example in Table 1 that all colour lattices do
not have a spin interpretation; this is not the case with
two-colour and magnetic groups. (ii) Another physical
interpretation of colour groups follows by considering
the direct-product extension of group P in (15) by group
1, which causes inversion of the polar vector; one thus
arrives at the so-called magnetoelectric groups (Koptsik
& Kotsev, 1974b).

I would like to thank Professor V. A. Koptsik for
many discussions.

Note added posthumously: A paper by D. Harker
(1978b) that appeared after receipt of the present paper

* See deposition footnote.

presents similar results based on a geometric-algebraic
argument. (Note added by Professor A. Oles.)

References

BeELow. N. V. & TARKHOVA, T. N. (1956). Kristallografiya,
2. 619-620.

FucHs, L. (1971). Infinite Abelian Groups. Vol. 1. New
York: Academic Press.

HARKER, D. (1976). Acta Cryst. A32. 133-139.

HARKER. D. (1978a). Preprint of the Center for Crystallo-
graphic Research. Biophysics Department, Roswell Park
Memorial Institute, Buffalo, New York 14 263, USA.

HARKER, D. (1978b). Proc. Natl Acad. Sci. USA, 75,
5264-5267.

HaLL, M. IR (1969). Combinatorics. New York: Academic
Press.

INDEBOM. V. L. (1959). Kristallografiva, 4, 619-621.

KopTsik, V. A. & Kortsev. J. N. (1974a). Communication
P4-8067. Joint Institute for Nuclear Research, Dubna.
USSR.

KorTsik, V. A. & KotsEv, J. N. (1974b). Communication
P4-8466. Joint Institute for Nuclear Research, Dubna,
USSR.

Koptsik, V. A. & KUzZHVKEEvV. J.
Kristallografiva, 17, 705.

LitviN, D. B. (1973). Acta Cryst. A29, 651-660.

LiTviN, D. B. & OpPECcHOWSKI, W. (1974). Physica (Utrecht),
76, 538-554.

NaisH, V. E. (1963). Izv. Akad. Nauk SSSR, Ser. Fiz. pp.
1496—1505.

NIGGLI, A. (1959). Z. Kristallogr. 111, 288-300.

OpecHOwsKL W. (1977). In Group Theoretical Methods in
Physics.  Proceedings of the Fifth International
Colloquium, edited by R. T. SHARP & B. KoLMAN. New
York: Academic Press.

SHUBNIKOV, A. V. & KorTsik. V. A. (1974). Symmetry in
Science and Art. New York: Plenum Press.

WAERDEN, B. L. VAN DER & BURCKHARDT, J. J. (1961). Z.
Kristallogr. 115,232-234.

ZAMORZAEV, A. M. (1967). Kristallografiya, 12, 819—825.

ZAMORZAEV, A. M. (1969). Kristallografiya, 14, 195-199.

ZAMORZAEV, A. M., GALARSKIIL, E. T. & PALISTRANT, A. F.
(1978).  Colour  Symmetry. Generalizations. A.
Applications. Moscow: Kishenev.

N. M. (1972).



